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We study quasi-exact quantum error correcting codes and quantum computation with them. A
quasi-exact code is an approximate code such that it contains a finite number of scaling parameters,
the tuning of which can flow it to corresponding exact codes, serving as its fixed points. The
computation with a quasi-exact code cannot realize any logical gate to arbitrary accuracy. To
overcome this, the notion of quasi-exact universality is proposed, which makes quasi-exact quantum
computation a feasible model especially for executing moderate-size algorithms. We find that the
incompatibility between universality and transversality of the set of logical gates does not persist in
the quasi-exact scenario. A class of covariant quasi-exact codes is defined which proves to support
transversal and quasi-exact universal set of logical gates for SU(d). This work opens the possibility
of quantum computation with quasi-exact universality, transversality, and fault tolerance.
PACS numbers: 03.67.-a, 03.67.Lx, 03.67.Pp
I. INTRODUCTION
Fault-tolerant quantum computation [1–4] requires
quantum codes with error-correction features. One
way to introduce fault tolerance is to use transversal
gates [5, 6]. Unfortunately, it is not possible to find a
universal set of logical gates that are transversal [6–8].
Such a ‘no-go’ result is further explored for topological
stabilizer codes with local stabilizers [9, 10], in which set-
ting transversal gates are extended to gates described by
finite-depth local unitary circuits [11–13].
In this work, we explore methods to circumvent the
no-go theorems. Methods in literature mostly focus on
relaxing transversality. A common method is to use
fault-tolerant measurements, such as magic-state injec-
tion [14] and code switching [15]. Another method is
to use concatenation [16, 17], which achieves fault toler-
ance without fixed transversality. Quantum computing
by non-abelian anyons [18], realized in lattice systems,
implement braidings by finite-depth local circuits [19–
21], hence not transversal.
Transversal gates serve as a primary class of fault-
tolerant gates since they do not couple local subsystems,
on which independent error correction can be performed,
hence do not spread out local errors. Instead of transver-
sality, in this work we relax the requirements on error
correction and universality. As Eastin-Knill originally
suggested [6], using approximate error correcting codes
instead of exact codes could be a viable approach to avoid
the no-go constraint. In this work, we explore this direc-
tion in depth.
Approximate codes [22–34] have been studied in var-
ious contexts, and in particular, conditions for approxi-
mate error correction have been studied [25–29]. How-
ever, the leftover error after error correction, i.e., recovery
error, may not be small. To achieve accurate quantum
computation, we have to restrict the setting of approxi-
mate codes as follows. We call an approximate code to
be ‘quasi-exact’ if there exist a finite number of tunable
scaling parameters such that it can approach exact codes
as close as possible. This also implies that the recovery
error, which is the accuracy parameter of a code, can
be arbitrarily small with well-defined scaling behaviors.
Examples of such parameters are system size, local di-
mension, temperature, density of states, etc [35].
We find that one has to further relax the definition
of universality. Generically, universality means that the
group SU(d) for any d can be realized efficiently to ar-
bitrary accuracy based on a universal gate set. The
Solovay-Kitaev algorithm [36] ensures that arbitrary ac-
curacy can be achieved efficiently. We realize that such
a definition of universality is strong in the sense that it
allows arbitrarily long accurate quantum computation.
However, in practice a computation is not arbitrarily
long. As a result, we introduce a weak version, coined
‘quasi-exact’ universality, which is suitable for computa-
tion of finite length and limited accuracy; however, the
accuracy is required to be tunable, hence improving the
ability to perform accurate computation of any desired
length and eventually approaching universality.
The quasi-exact universality can be supported on
quasi-exact codes. In the quasi-exact scenario, each logi-
cal gate has a finite accuracy and there are in total a finite
number of distinct logical gates. There is no infinitesimal
logical gate, in particular, which would be treated as a
non-perfect logical identity gate. Furthermore, we show
that there exist quasi-exact codes such that when tuning
the scaling parameters, the accuracy parameter becomes
smaller and the number of transversal logical gates in-
creases, approaching universality for a certain unitary
group. This is in contrast to the exact setting for which
the size of the transversal logical gate set is fixed.
In this work we find a class of quasi-exact codes which
support a set of transversal logical gates for SU(d).
2This class of codes are from SU(d) generalizations of
valence-bond solid (VBS) models [37–40], which ap-
pear as ground states of 1D local Hamiltonians with
symmetry-protected topological (SPT) orders [41–45]
and have proven to be useful in the measurement-based
model [46–49]. This class of codes are Lie-group covari-
ant codes, the power (and limitation) of which have been
demonstrated recently [30–34]. The SPT order enables
covariance and quasi-exact universality, and the local er-
rors we consider can be erasure or arbitrary ones on a
local site. The number of logical gates scales as Ndq, the
inverse of the accuracy of the code, for N as the system
size, dq as the local dimension. We believe better scal-
ing can be achieved for other types of quasi codes to be
found. Our work demonstrates the possibility of fault-
tolerant quantum computation with (quasi-)universality
and transversality.
II. QUASI CODES
We first recall the setting of exact codes. An exact
encoding can be defined by an isometry V : HL → H
from the logical space HL to the physical space H such
that V †V = 1 and V V † = P , for P as the projector onto
the code space C ⊂ H. The code dimension is denoted
as dL := dimHL = dimC, and the physical dimension is
dQ := dimH. When H = ⊗Nn=1Hn for a system with N
local sites Qn each of dimension dq,n, dQ =
∏
n dq,n.
The correctability condition [50] for a channel N de-
fined by a set of error operators {Ei} on H is
PE†iEjP = aijP, (1)
for [aij ] as a density operator. The recovery channelR =
{Rk} is found by diagonalizing [aij ] to be [dk], and define
Rk := PF
†
k/
√
dk (2)
for dk 6= 0 and {Fk} as the rotated representation of the
noise channel N . Meanwhile, the condition for detection
is PEiP = eiP, ei ∈ C. Each error operator Ei could
be local or nonlocal. When {Ei} is a local basis of the
space of bounded operators on a local site B(Hn) (the
subscript n is omitted for Ei) for any n, then for any
Fj ∈ B(Hn), condition (1) implies PF †j FlP ∝ P , which
means arbitrary local error can be corrected.
Conditions for approximate error correction have been
established, and optimizations are needed to find a re-
covery scheme [24–29], in general. It holds that
PE†iEjP = aijP + PBijP, (3)
for [aij ] as a density operator and operators Bij as un-
correctable parts. The exact case (1) is for vanishing Bij .
The recovery error by a channel R can be measured by
the diamond-norm distance [51] d⋄(Q,1) := ‖Q − 1‖⋄,
for Q := V†RNV , V(·) := V (·)V † as the encoding map,
which is equivalent to the trace distanceDt(CQ, ω) by [52]
1
2dL
d⋄(Q,1) ≤ Dt(CQ, ω) ≤ 1
2
d⋄(Q,1), (4)
for ω := |ω〉〈ω|, |ω〉 := ∑dLi=1 |ii〉/
√
dL as the maximally
entangled state, and CQ := Q ⊗ 1(ω), known as a Choi
matrix. Other measures can also be employed such as
entanglement fidelity [24, 53, 54] (also see Appendix 1).
We say an approximate code is ǫ-correctable for a noise
channel N when there exists a recovery channel R such
that d⋄ ≤ ǫ [25–29].
Now we introduce quasi-exact codes. We will use
‘quasi’ as a shorthand for ‘quasi-exact.’ As explained in
the Introduction, the motivation is to make the recovery
error as small as possible, and the idea is to introduce in
some scaling parameters ~λ such that the recovery error
becomes tunable. The recovery channel R may depend
on ~λ in principle; however, in the vicinity of exact codes,
we expect that the recovery scheme (2) can be employed.
In accordance with the notion of quasi universality to be
defined later, we defined quasi codes as follows.
Definition 1 (Quasi codes). A quasi code C(~λ) is a fam-
ily of ǫ(~λ)-correctable approximate codes with the recov-
ery scheme (2), such that each code is defined with fixed
values of ~λ, which is a vector of a finite number of real
scaling parameters, and ǫ(~λ) → 0 at some points in the
parameter space of ~λ. We assume that ǫ is a smooth
function of ~λ.
We see that the quasi setting is a particular and
strengthened case of the approximate setting. We shall
remark on a few points. i) We assume the number of
scaling parameters is finite. ii) A quasi-to-exact (QTE)
limit is a limit by tuning some parameters of ~λ so that
ǫ(~λ) → 0 is achieved. Each limiting (‘critical’) point is
an exact code. iii) One might demand ǫ be a monotonic
function of each parameter of ~λ, while this is not required
by definition.
There exists an explicit form of the recovery error
in terms of the trace distance Dt(CQ, ω) (4). We find
Q(σˆ) = σˆ + ∑kl BˆklσˆBˆ†kl/dk for any logical state σˆ,
Bˆkl := V
†BklV . This means the logical state is recovered
up to the perturbation by the set { 1√
dk
Bˆkl}. We obtain
the trace distance
Dt(CQ, ω) = 1
2dL
∑
kl
1
dk
tr(Bˆ†klBˆkl), (5)
which shall be a smooth function of each dk, βkl :=
tr(Bˆ†klBˆkl), and the cardinality of the set {k}, i.e., the
size of the ‘environment’, dE . For local-error models, if
the system size is N and local site dimension is dq, then
dE = poly(N, dq); e.g., N
c1dc2q to the leading order for
some positive constants c1, c2. The variables βkl and dk
should show universal decay behaviors with some scaling
parameters such as N and dq in order to make Dt small.
3If Dt → 0, hence d⋄ → 0, under a QTE limit, it is quasi
correctable. This also implies that for bounded operators
in the span of {Ei}, the Dt in terms of the new set of
β′kl and d
′
k should also decay in a QTE limit, making it
quasi correctable.
III. QUASI UNIVERSALITY
Now we introduce the notion of quasi universality,
which is suitable for computing with quasi codes, and
can also be employed in other settings. Universality
means that on a logical space of dimension d, the whole
group SU(d) can be realized efficiently [55]. The Solovay-
Kitaev algorithm [36] proves that, given any U ∈ SU(d),
there exists an efficient classical algorithm that produces
an efficient sequence of logical gates U ′ =
∏
i Ui with the
operator-norm distance d(U,U ′) arbitrarily small.
In the setting of universality above, the logical identity
gate 1 is not explicitly written but implied. However,
there is no perfect 1 for quasi codes due to the error
correction features (see Eq. (5)). The leftover from er-
ror correction is random, which means that the logical
identity gate 1 shall be replaced by a set of gates that
are close to it, with a proper distance measure such as
entanglement fidelity, trace distance, or operator norm.
Denote this set as Iη for η as a measure of distance from
1. For a quasi code, η will be its accuracy ǫ(~λ). The set
Iη is treated as an equivalence class of gates, and any
gate 1η ∈ Iη is treated the same as 1. We call such a
set a ‘gate-cell’, or just ‘cell’, and η as the ‘size’ or ac-
curacy of it. Clearly it also induces gate-cells for generic
logical gates. A gate-cell Uη of accuracy η for a logical
gate U ∈ SU(d) is a dense set of gates such that each
Uη ∈ Uη is of distance η from U . Therefore, the whole
group SU(d) can be partitioned into a collection of non-
overlapping gate-cells of various sizes. One could pick a
proper representative gate for each gate-cell, and denote
the set of them as the coarse-grained set SU(d)η, and it
is clear that SU(d)η ⊂ SU(d). For any U ∈ SU(d), there
exists an element in SU(d)η of distance no more than
η from U . The partition into cells can be non-uniquely
chosen and shall be kept fixed in order to define distinct
logical gates.
Definition 2 (Quasi universality). A computation on a
quasi code C(~λ) with accuracy ǫ(~λ) is quasi universal for a
unitary group SU(d) if the coarse-grained set SU(d)
ǫ(~λ)
can be realized efficiently, and the group SU(d) can be
approached when ǫ(~λ)→ 0 in a certain QTE limit.
Generically, for quasi universality the number of dis-
tinct logical gates is finite, which yet is quasi infinite
due to the ability to improve the accuracy of a quasi
code. The transition from quasi universality to universal-
ity is not required to be exponentially fast (with respect
to some scaling parameters), which is desirable yet not
necessary. Different transition behaviors as functions of
scaling parameters would lead to a classification of quasi
codes that are quasi universal for a certain unitary group.
Arbitrarily long computation cannot be reliably done
with quasi codes since the leftover from error correction
can accumulate. Let η denote the accuracy ǫ(~λ) for sim-
plicity. Suppose we need to approximate U ∈ SU(d) to
accuracy ̟, what would be the relation between ̟ and
η? For quasi codes that any gate U can be realized di-
rectly, ̟ is simply η. For the setting that each gate U
is built from a product of gates from a universal gate
set, denoted as S, ̟ is lower bounded by η. Namely,
for Uη = U1η, Vη = V 1η, for 1η ∈ Iη, the distance
d(UηVη, UV ) ≤ 2η if d(Uη, U) ≤ η, d(Vη , V ) ≤ η [56].
In general, given any U ∈ SU(d), first use gate-synthesis
algorithms [36] to approximate U by U ′ =
∏
L
⊗
J ULJ ,
for ULJ as gates from a universal gate set S, L as the
label of layers relating to the time of computation, and J
as the label of gates in each layer relating to the size
of computation. Denote the distance d(U,U ′) as ̟0,
which could be as small as zero. As each ULJ will be
approximated by ULJ,η, we see that d(U
′, U ′η) ≤ mη for
m :=
∑
L |J |L as the number of gates. Then the distance
d(U,U ′η) ≤ mη+̟0. As a result, we could obtain a lower
bound for the accuracy
̟ ≥ mη, (6)
which is also the upper bound on the size m ≤ ̟
η
. For
the VBS covariant codes that we find below, η scales as
the inverse of the given system size and local dimension,
which provides a linear size constraint on the computa-
tion.
IV. TRANSVERSAL LOGICAL GATES
Now we restrict logical gates to be transversal, which
is a primary scheme to achieve fault-tolerance. However,
it is known that transversality is incompatible with uni-
versality [6] (see Appendix 2), and this also extends to
approximate codes [33, 34]. With the quasi universality
defined above, which is weaker than the requirement of
universality, here we argue that transversality is compat-
ible with quasi universality, and there are quasi codes
that can achieve both.
We first analyze how quasi error correction modifies
the original group-theoretic argument [6]. Transversal
gates are of the form
U =
⊗
j
Uj (7)
for j as the index of subsystems. The set of transver-
sal logical gates is a Lie group, denoted as G, and the
connected component of identity G0 ⊂ G is logically
trivial for exact codes [6]. We will show now for quasi
codes this may not be the case. Let eiξD ∈ G0, ξ ∈ R
then D =
∑
j αjHj for Hj acting on the subsystem j,
4and DP = PDP . Given the error set {Ejl} on sub-
system j, Hj can be written as Hj =
∑
l βjlEjl. As
PEjlP = ejlP +PBjlP from quasi error correction, then
DP = hP + PBP (8)
for h :=
∑
jl αjβjlejl, B :=
∑
jl αjβjlBjl. The
terms DnP can be computed, and we find DnP ≈∑n
m=0 h
mP (BP )n−m. Thus,
eiξDP ≈ eiξheiξPBPP. (9)
The unitary operator eiξPBP is the term due to quasi
error correction. If ξ ∈ o(1), then eiξD falls in the cell
of logical identity. If ξ ∈ O(1), then eiξD can have a
nontrivial logical action. This means that there exist
quasi codes for which the connected component of iden-
tity G0 ⊂ G does not collapse to logical identity. Instead,
G0 will permit a gate-cell structure and split into a col-
lection of cells of various sizes. The analysis can also be
extended to subsystem quasi codes (Appendix 3).
The gate-cell structure of G0 may appear surprising
since a tiny recovery error shall not affect the logical
structure of G0 significantly. The reason is that the re-
covery error is a measure of the average effects of local
noise operators, in terms of a noise channel, while logical
gates are from the accumulated net effects of local oper-
ators. A logical gate on a quasi code shall have a weight
(i.e., support) large enough compared with the system
size.
As the group G is compact for a finite system size, the
number of logical gates would be finite. This is not a
problem for quasi universality since an infinite number
of logical gates is not required. Furthermore, when a
quasi code tends to be exact in a QTE limit, the sizes
of gate-cells become smaller, and the number of logical
operators could tend to be infinite. This is distinct from
any exact quantum code for which the number of logical
gates is fixed. This demonstrates that there exist quasi
codes that can achieve transversality and quasi univer-
sality. We will see below that the SU(d)-covariant quasi
codes achieve this for SU(d), while the sizes of gate-cell
for all logical gates are of the same order.
V. SU(d)-COVARIANT QUASI CODES
We find classes of covariant codes can be defined from
matrix-product states [57, 58] with global continuous
symmetry, namely, the higher-symmetry generalizations
of VBS states [37–40], which have SPT order and ap-
pear as ground states of 1D local Hamiltonians. Below
we define covariant codes with unitary symmetry, while
the construction can be easily generalized to other Lie
groups such as orthogonal and symplectic groups, and
also to higher spatial dimensions.
The SU(d)-covariant codes we consider are defined by
the isometry V : |α〉 7→ |ψα〉 for |α〉 ∈ HL and
|ψα〉 =
d2−1∑
i1,...,iN=0
AiNN · · ·Ai11 |α〉|i1〉 · · · |iN〉 ∈ C, (10)
with the logical space HL as the fundamental represen-
tation of SU(d), and the physical space H = HL ⊗
(⊗Nn=1Hn), and each Hn as the adjoint representation
of the group SU(d). The N sites Hn are known as
‘bulk’, and the site HL as ‘edge.’ Both the edge and
bulk states are employed for the codes. The tensors Ainn
(n = 1, . . . , N) are translation-invariant (hence n can be
omitted) taking the form Ai =
√
2d
d2−1 t
i for Gell-Mann
matrices ti with tr(titj) = 12δij , [t
i, tj ] = ifijkt
k for fijk
as structure constants of SU(d). The tensors Ai, also
called Kraus operators, form a quantum channel E with∑
iA
i†Ai = 1. The symmetry is
∑
j
uij(g)A
j = U˘(g)AiU˘(g)† (11)
for U(g) = [uij ](g) of size d
2 − 1, U˘(g) of size d, for
g ∈ SU(d) [41, 42]. The channel E can be dilated to a
unitary operator W such that W |0〉 = ∑iAi|i〉, which
is an isometry. The encoding isometry V is from the
product of W , each as the dilation of E . From the global
symmetry, it is clear that
V U˘(g)|α〉 = U(g)⊗ U(g)⊗ · · · ⊗ U(g)⊗ U˘(g)|ψα〉 (12)
for N factors of U(g) acting on the bulk and U˘(g) acting
on the edge, for g ∈ SU(d).
Now we study error correction property of the codes.
We label the edge as the (N+1)th site, and others from
1 to N sequentially. The edge before encoding can be
viewed as the 0th site. The local state of the edge is
σN+1 = EN (|α〉〈α|) = 1/d+ 2χN
∑
a
tataαα (13)
for χ := −1
d2−1 , t
a
αβ := 〈α|ta|β〉. This means that partial
information of the logical state can be read off from the
edge state via taαα, yet this is exponentially suppressed
when N increases, and σN+1 → 1/d, which is the unique
fixed point of E . The channel E has other eigenvalues as
E(ta) = χta. The local state ρn (n ∈ [1, N ]) of the nth
bulk site is
ρn =
∑
ij
tr[σnA
jAi]|i〉〈j|, (14)
which is the complementary state of σn := En−1(|α〉〈α|).
It is easy to see ρn converges to the completely mixed
state exponentially, ρn → 1/(d2 − 1) as n increases, yet
for small n, the local state ρn contains the observable t
a
αα
of the logical state |α〉. This manifests that the codes are
indeed quasi codes.
5To define a proper error model, observe that the action
of a local operator T a, as the adjoint representation of a
Gell-Mann matrix ta, can be converted to actions on the
edge. The action of T a on a local site is T a
∑
iA
i|i〉 =∑
i[A
i, ta]|i〉. Denote the link (n, n± 1) as n±, then the
action of T an on a local site n is a superposition of the
actions of tan+ and t
a
n− on the edge space. So we could
view the information encoded in the bulk equivalently as
encoded in the links, i.e., the history states of the edge.
For the local error set {tan+}, we find
〈ψα|tan+|ψβ〉 = χntaαβ , (15)
and also 〈ψα|tan−|ψβ〉 = χn−1taαβ . This means local er-
rors are only approximately detected. When d → ∞, or
n → ∞, the detection becomes exact. For correlation
functions we find
〈ψα|tam+tbn+|ψβ〉 = χn−mδabδαβ/2d+χnhbactcαβ/2, (16)
for n > m ≥ 0, hbac = dbac + ifbac, and dbac are also
structure constants of SU(d). We see that this corre-
lation function contains information tcαβ of the logical
states, which is suppressed for large n or large d. In
addition, this leads to 〈ψα|T an tbN+1|ψβ〉 = −dχ
N−n
2(d2−1) δαβδab,
〈ψα|T amT bn|ψβ〉 = −d
3χn−m−1
2(d2−1)2 δαβδab. We see that the edge
is more correlated to bulk sites that are close to it, and
there are exponential decay of bulk correlation functions.
The quasi conditions (15) and (16) also apply to errors
in the span of {tan+} with t0 ≡ 1. It is not hard to see
that a logical error gate resulting from an error on the
link n+ depends on n, and can be approximated as a
unitary operator En = e
iχn
∑
k
ǫkt
k
, ǫk ∈ R. We shall
average over random errors that occur on the system,
and the net effect is a random unitary channel
N (σ) = 1
N
∑
n
EnσE
†
n, ∀σ ∈ B(C), (17)
which, to the order O(χ2n) for each n, can be approxi-
mated by a unitary operator eiη
∑
k
ǫkt
k
for
η :=
χ
N
1− χN
1− χ , (18)
which vanishes when N → ∞ or d→ ∞ as two types of
QTE limits.
The error analysis above is consistent with the era-
sure error model, for which the performance of covari-
ant codes has been studied [33]. From (15), we find
〈ψα|T an |ψβ〉 = d
2χn−1
d2−1 t
a
αβ , 〈ψα|taN+1|ψβ〉 = χN taαβ , and
then taαβ = 〈ψα|taN+1|ψβ〉 +
∑
n〈ψα|T an |ψβ〉. If the envi-
ronment can erase a local site n ∈ [1, N + 1] randomly,
then it can read out the logical value taαβ from a global ob-
servable. Then the uncorrectable part of the code is lower
bounded by a quantity proportional to (N maxn∆Tn)
−1,
for ∆Tn as the spectral range of a local observable Tn,
and maxn∆Tn scales with the dimension d
2 − 1, which
agrees with the scaling of η (18).
When the codes are prepared as ground states of
frustration-free local Hamiltonians [37–40], which in gen-
eral take the form H =
∑
n hn,n+1, the nearest-neighbor
interaction terms hn,n+1, although do not commute with
each other, play similar roles with stabilizers [59]. Each
term hn,n+1 shall be minimized for the code space C. An
error En will increase the energy term hn,n+1, and can
be corrected by cooling back to C.
For quantum computing with error correction, the se-
quence of gate operations is
∏L
ℓ=1 UℓEℓ with the enacted
gates Uℓ interrupted by error gates Eℓ. Product of Uℓ can
yield the whole group SU(d). Recall that Eℓ depends on
η, and when d → ∞, or N → ∞, then Eℓ → 1. For
finite d and N , when the length L of the computation in-
creases, the errors will increase, too. As we already know,
the quasi feature limits the accuracy of logical gates. The
parameter η can be viewed as the unique measure of the
accuracy of logical gates, although each error gate Eℓ
can be different in practice. Therefore, any logical gate
is actually a gate-cell of size measured by η, and gates
within this accuracy are equivalent. A SU(d)-covariant
code defined above is quasi universal for SU(d), and it
becomes exact universal for SU(d) when the code itself
approaches exact.
VI. CONCLUSION
In this work, we have studied the model of quasi-exact
quantum computation with two central concepts: quasi
codes and quasi universality. The valence-bond solids
codes we find can provide a quasi-continuous universal
and transversal set of logical gates, with the number of
logical gates proportional to the product of the system
size and local dimension. We remark that by relaxing
the requirement of covariance and allowing various sizes
of gate-cells, it will naturally lead to the setting that
a discrete universal gate set is firstly realized, and all
other gates are from product of them. It is desirable to
find a quasi code that can satisfy the quasi universal-
ity, transversality, and discreteness of gate set simultane-
ously.
A slightly easier task is to employ concatenation of
codes such that their transversal sets of gates can be
combined to be universal. The concatenation may also
benefit the allowed error threshold. A quasi code can
be taken as either an inner code or an outer code, and
concatenated with another quasi code or exact code, such
as stabilizer codes. It is thus also important to see if there
are quasi codes that permit quasi universality with such
concatenated transversality.
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APPENDIX
1. Approximate quantum error correction
According to [25], a channel N on a code P is ǫ-
correctable iff
PE†iEjP = aijP + PBijP, (A1)
for d(D + B,D) ≤ ǫ, with D(ρ) = ρ∗, B(ρ) =∑
ij tr(ρBij)|i〉〈j|, ρ ∈ C, for ρ∗ :=
∑
ij aij |i〉〈j|, Bij ∈
B(H), d as a proper distance measure on channels, e.g.,
the diamond norm distance d⋄ [51], trace distance on
Choi states, or Bures distance dB =
√
1− F for the
entanglement fidelity F [54]. The channels D and B
maps system states to ‘environment’ states since {|i〉}
are states of an environment, E. Furthermore, there ex-
ists a recovery channel R such that d(V†RNV ,1) ≤ ǫ.
The existence of a near-optimal recovery channel is also
proved, but it may require a numerical convex optimiza-
tion to find it [24, 25].
The ǫ-correctability of the set {Ei} does not guarantee
that for other operators in its span, however. Namely,
suppose another set of error operators {Fℓ} is defined
by a matrix Υ = [yℓi] such that Fℓ =
∑
i yℓiEi. Then
the superoperator Υ defined by conjugation of Υ induces
two new channels D˜ = Υ ◦ D and B˜ = Υ ◦ B to the
condition (A1) for the new set {Fℓ}. As Υ is not con-
tractive in general, namely, it does not necessarily reduce
distance between states, the distance d(D˜ + B˜, D˜) is not
upper bounded by ǫ anymore. This poses a problem when
considering the approximate correction of arbitrary local
errors, and instead motivates the introduction of quasi
codes which come with a set of scaling parameters.
2. Eastin-Knill no-go theorem
We review the contents of Eastin-Knill no-go theo-
rem [6], which basically states that there is no univer-
sal set of transversal logical gates (TLG) supported by a
finite-dimensional physical system.
A unitary operator U is a logical operator iff
UP = PUP. (A2)
A unitary operator U † is a logical operator iff PU =
PUP . It turns out, if U is logical, then U † is also logical.
This means a state in the code space cannot be mapped
out of it by U , while a state out of the code space cannot
be mapped into it by U , neither. It is also equivalent to
say [U, P ] = 0.
In order to define transversal gates, we need to in-
troduce ‘transversal part’, or subsystem. An error-
correction subsystem, or subsystem for short, is a part
of the whole system for which error correction can be
performed. The natural choice of a subsystem is a local
site. However, a subsystem can consist of several local
sites, which should usually be a connected local part of
the whole system. This applies to topological codes that
have macroscopic code distances.
A TLG does not couple different non-overlapping sub-
systems within the same logical qubit, and only couples
a corresponding subsystem from different logical qubits.
TLG do not spread out errors across subsystems for the
same logical qubit. So the error-correction for each logi-
cal qubit can ensure fault tolerance.
For many logical qubits each encoded by a different
physical system, denoted as Q[r], usually a one-to-one
correspondence of subsystems has to be chosen. For in-
stance, for two logical qubits Q[r] =
⋃
nQn[r], r = 1, 2,
a subsystem Qn[1] can be chosen to correspond to Qn[2]
for the same label n. In general, there might be a per-
mutation π(n). If each system comes with a Hamilto-
nian H [r], then the total Hamiltonian is the sum of them
H =
∑
rH [r] without interaction terms.
A transversal gate takes the form
U =
⊗
j
Uj (A3)
for j as the index of subsystems. Note that U is defined
up to any permutation of subsystems since permutation
cannot spread out errors except the locations of them.
In order to see the generality of Eastin-Knill theorem,
below we review its content in details. There are sev-
eral crucial assumptions. (a) The error detection is exact
for an error set {Ei}, which spans each local subsystem.
(b) Transversality is fixed, namely, all TLG takes the
form (A3) for a given partition of subsystems. (c) The
Hilbert space dimension of the system is finite. (d) The
universality is exact, i.e., the group SU(d) shall be real-
ized efficiently to arbitrary accuracy.
Given a code space P , it first shows that the set of
logical gates (A2) form a Lie group L. Given a transver-
sality and the form (A3), it shows that the set of TLG
is also a Lie group G = L⋂A, for A = ⊗j U(dj), dj as
the dimension of a subsystem. Now the connected com-
ponent of identity G0 in G contains elements of the form
C =
∏
k e
iξkDk , ξk ∈ R. An operator eiξD is a TLG for
ξ ∈ R, and then it shows DP = PDP . The operator
D can be written as a sum of local terms D =
∑
j αjHj
due to the structure of Lie algebra, and each Hj acts on
the subsystem j. Given the detection of arbitrary local
errors, it holds PHjP ∝ P , and then DP = PDP ∝ P .
As the result, CP ∝ P , which means that C acts as the
logical identity gate, and the whole group G0 ‘collapses’
2to identity. As the quotient group Q = G/G0 is a topo-
logically discrete group, the number of logically distinct
operators is finite. In other words, the set of TLG is not
universal.
Next we remark on some points. (1) During the exe-
cution of each logical gate, there may be leakage out of
the code space, as long as it goes back to the code space
at the end. (2) Each local unitary Uj can be realized in
many ways, even not unitarily, as long as the net effect
is unitary. For instance, ancilla and measurement can be
used. (3) There is no logical ancilla to realize a logical
gate U since U itself must be unitary of the form (A3).
(4) A subsystem can contain several local sites, and this
especially applies to codes with large code distance, such
as topological codes. Error correction on local sites en-
sures error correction on a subsystem. For code distance
d = 2t+ 1, a subsystem can be as big as t. This means
that each Uj can be an entangling gate on the underlying
local sites. However, the transversality has to be fixed to
ensure that all logical gates are of the form (A3). (5) The
theorem applies to arbitrarily large but finite dimensional
Hilbert space. This fact is crucial to generalize it to the
quasi-exact setting, e.g., the group-theoretic argument
still applies.
3. Subsystem quasi codes
Here we extend the results to the subsystem quasi
codes, which are the quasi version of subsystem codes.
In this case, the code space C has a tensor product form
C = T ⊗ J (A4)
for the truly logical subspace T that encodes the informa-
tion and a junk ‘gauge subspace’ J that does not encode
logical information. The apparent encoding operator is
now not one-to-one V : |i〉 7→ |ψi〉|ψj〉, for |i〉 ∈ HL,
|ψi〉 ∈ T , and any state |ψj〉 ∈ J (which can also be
mixed states), but it is effectively one-to-one when the J
part is ignored. The total space takes the form
H ∼= T ⊗ J ⊕ S, (A5)
for S as the syndrome subspace. For error correction,
in additional to leakage to S, errors may also generate
entanglement between T and J . A good subsystem code
is designed such that J can benefit the error correction.
We use P , PT , and PJ as the projector on C, T , and J ,
respectively. We assume an orthonormal basis of J can
be chosen to define PJ .
The exact error correction for a set of errors {Ei} on
subsystem codes has been shown [60–62] to be
PE†iEjP = (1T ⊗ Jij)P, (A6)
for 1T (Jij) acting on the space T (J ). Contrary to the
standard condition (1), here there can be a nontrivial
action Jij on the gauge part. The condition above is
equivalent to
PT E
†
igEjhPT = aijghPT , (A7)
for Eig := Ei|ψg〉, with any |ψg〉 ∈ J . The effective er-
ror operators Eig are rectangular, namely, they can map
states in T to states in T and J . The span of {Eig} is
the product of the span of {Ei} and {|ψg〉}. If the di-
mension of J is dJ , then a set of d2J linearly independent
states {|ψg〉} is enough to ensure the correction of other
errors in the span of {Eig}. The recovery channel R will
map states in T and J (also S) back to states in T . In
other words, we see that the modification to the stan-
dard condition (1) is to replace square error operators by
rectangular ones, and increase the number of them by a
factor of d2J .
Unitary logical operators U on subsystem codes not
only commute with P , but also factorize as
UP = (UT ⊗ 1J )P, (A8)
for a nontrivial gate UT . The Eastin-Knill theorem holds
for subsystem codes, while note that in the proof the
projector is P instead of PT , and the actions on the gauge
part are ignored. For subsystem quasi codes, there still
could be a nontrivial logical gate eiξPBP on the code
subspace T , in general.
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